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Stokes	parameters

1 Interstellar magnetic fields

In this lecture I will cover some of the physical processes that are central to studies of
magnetic fields in the interstellar medium (ISM), and the related techniques developed
and used for their characterization. The field of research centred on this topic have
significantly evolved in recent years and, as a consequence, not all techniques can be
covered in a single lecture; we will therefore focus on those more commonly used.

1.1 The Stokes parameters

Most (but not all) studies of interstellar magnetic fields involve the measurements of
polarization either in spectral lines or in continua (e.g., from dust or charged particles).
It will therefore be beneficial to first consider how polarization states are modelled before
investigating the different physical processes responsible for polarized signals and the
techniques used in subsequent analyses.

We consider the propagation of electromagnetic plane waves and define two waves
propagating in the same direction n with

E1 = e1E1e
i(k·x�!t) (1.1)

E2 = e2E2e
i(k·x�!t) (1.2)

Bj =
p

µ✏n ⇥ Ej , (1.3)

where e1, e2 and n are orthogonal unit basis vectors, j = 1 or 2, the constants E1 and
E2 are complex, and k = kn. The superposition of these electromagnetic fields can be
interpreted as a single wave characterized by a total electric field E (x, t)

E (x, t) = (e1E1 + e2E2) e
i(k·x�!t)

. (1.4)

It is important to note that because E1 and E2 are complex quantities it is possible
that phase differences will exist between the two components of the total electric field.
In general, a phase difference will render the overall wave elliptically polarized. That
is, the tip of the electric field vector is seen to be describing the figure of an ellipse over
the interval of a period (= 2⇡/!). An important case is that of linear polarization,
which happens when the two components share the same phase. It is then seen that the
total electric field will be oriented at an angle

✓ = arctan
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1 Interstellar magnetic fields

The Stokes parameters are a set of four parameters that allow the characterization
of the polarization state of a beam of radiation, which is, of course, nothing more than
a superposition of plane waves (through the Fourier transform). The amplitude of the
electric field along the different basis vectors (perpendicular to the direction of propaga-
tion) are given by e1 ·E and e2 ·E for linear polarizations along e1 and e2, and e⇤

+ ·E and
e⇤

� · E for right (e+) and left (e�) circular polarizations, respectively. Please note the
use of the complex conjugate, as is usually done for the scalar product between complex
quantities. If we define these amplitudes, using equations (1.4) and (1.12), as

Ej = aje
i�j (1.15)

E± = a±e
i�± (1.16)

with j = 1, 2, then the Stokes parameters2 are given by

I = |e1 · E|2 + |e2 · E|2

= a
2

1 + a
2

2 (1.17)
Q = |e1 · E|2 � |e2 · E|2

= a
2

2 � a
2

1 (1.18)
U = 2 Re [(e1 · E)

⇤
(e2 · E)]

= 2 a1a2 cos (�2 � �1) (1.19)
V = 2 Im [(e1 · E)

⇤
(e2 · E)]

= 2 a1a2 sin (�2 � �1) (1.20)

when using the (e1, e2) basis, and by

I =
��e⇤

+ · E
��2 +

��e⇤
� · E

��2

= a
2

+ + a
2

� (1.21)
Q = 2 Re

⇥�
e⇤

+ · E
�⇤ �

e⇤
� · E

�⇤

= 2 a+a� cos (�� � �+) (1.22)
U = 2 Im

⇥�
e⇤

+ · E
�⇤ �

e⇤
� · E

�⇤

= 2 a+a� sin (�� � �+) (1.23)
V =

��e⇤
+ · E

��2 �
��e⇤

� · E
��2

= a
2

+ � a
2

� (1.24)

when using the (e+, e�) basis. It is apparent from the second of equation (1.18) that
Q is a measure of the amount linear polarization, and from equation (1.24) that V is

2
It would be more precise to write I / |e1 ·E|2 + |e2 ·E|2, etc., since one is usually concerned with

intensities or power, not (the square of) electric fields. However, these definitions will be adequate

for the purpose of our discussion.
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1 Interstellar magnetic fields

relative to the e1 unit basis vector (Re (· · ·) stands for the real part). On the other
hand, we have circular polarization when E1 and E2 have the same amplitude, but
are out-of-phase by ±⇡/2. Equation (1.4) is then written as

E (x, t) = E1 (e1 ± ie2) e
i(k·x�!t) (1.6)

Taking the real part for both components, we find that the angle made by the electric
field in relation to the e1-axis is a function of time with

✓ (t) = arctan


Re (E2)

Re (E1)

�

= ⌥ arctan


sin (k · x � !t)

cos (k · x � !t)

�

= ⌥ (k · x � !t) . (1.7)

At a given stationary point x in space, the electric field will sweep a circle at the
angular frequency !. If, for example, we set e1 = ex, e2 = ey, and n = ez, then at
a point z the electric field is rotating counter-clockwise in the xy-plane, as seen by an
observer facing the incoming wave, and is said to be right circularly polarized for the “+”
sign in equation (1.6)1 (“�” in equation 1.7), and left circularly polarized for the “�”
(“+” in equation 1.7).

Just as the unit vectors (e1, e2,n) form a basis for a plane wave, an alternative basis
can be built using the circularly polarized basis vectors e± defined with

e± =
1p
2

(e1 ± ie2) , (1.8)

and the vector n. That these three vectors form a complete basis can be verified with
the following relations

e⇤
± · e⌥ = 0 (1.9)
e⇤

± · n = 0 (1.10)
e⇤

± · e± = 1, (1.11)

and any vector, such as the electric vector, can be written using this basis

E (x, t) = (e+E+ + e�E�) e
i(k·x�!t) (1.12)

with the complex amplitudes

E+ =
1p
2

(E1 � iE2) (1.13)

E� =
1p
2

(E1 + iE2) . (1.14)

1
This definition is in accordance with the IAU convention.
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when using the (e+, e�) basis. It is apparent from the second of equation (1.18) that
Q is a measure of the amount linear polarization, and from equation (1.24) that V is

2
It would be more precise to write I / |e1 ·E|2 + |e2 ·E|2, etc., since one is usually concerned with

intensities or power, not (the square of) electric fields. However, these definitions will be adequate

for the purpose of our discussion.
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a measure of the amount of circular polarization. Both sets of equations make it clear
that I is (proportional to) the total intensity of radiation, irrespective of the polarization
basis. It can be shown that U is also a measure of linear polarization, but along axes
oriented at 45 deg from e1 and e2 (see the exercise below).

It can also be readily verified that the intensity of radiation I is related to the other
Stokes parameters by

I
2

= Q
2
+ U

2
+ V

2
. (1.25)

It is important to realize, however, that this last relation is only valid for purely deter-
ministic and monochromatic signals. In general, radiation comes in the form of beams
of finite duration (as opposed to a single plane wave) and are, therefore, not monochro-
matic, and can also only be partially polarized (either linearly, circularly, or both). Then,
equation (1.25) must in general be replaced with

I
2  Q

2
+ U

2
+ V

2
. (1.26)

Exercise 1.1. Define a new basis oriented at 45 deg from e1 and e2 with

e/ =
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2

(e1 + e2) (1.27)

e\ =
1p
2

(e1 � e2) (1.28)

and show that

E (x, t) =
�
e/E/ + e\E\

�
e
i(k·x�!t) (1.29)

with
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2
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1 Interstellar magnetic fields

This result shows that the Stokes parameter U is indeed measure of linear polarization
along axes oriented at 45 deg from e1 and e2.

Combining the results from the three different bases, it is perhaps helpful and more
intuitive to express the Stokes parameters with

I =
��e1,+,/ · E

��2 +
��e2,�,\ · E

��2 (1.36)

Q = |e1 · E|2 � |e2 · E|2 (1.37)
U =

��e/ · E
��2 �

��e\ · E
��2 (1.38)

V =
��e⇤

+ · E
��2 �

��e⇤
� · E

��2 , (1.39)

where the nature of each quantity is clearly noticed.
In cases where there is no circular polarization (i.e. V = 0), which is sometimes a

warranted assumption, we can express the polarized component of the electric field as

Ep (x, t) = Ep (e1 cos ✓ + e2 sin ✓) e
i(k·x�!t)

, (1.40)

which, using our definitions for the Stokes parameters (see equations 1.18-1.19), yields

Q = Ip cos (2✓) (1.41)
U = Ip sin (2✓) (1.42)

with the polarized intensity Ip = E
2
p . Note the dependency on 2✓ (not ✓).

Polarization measurements, especially linear polarization, are often presented using
the polarization fraction (or percentage, or level) p and the polarization angle
(let us again use ✓ but other definitions are often adopted; we will use � later on)

p =

p
Q2 + U2

I
(1.43)

✓ =
1

2
arctan

✓
U

Q

◆
. (1.44)

The combination of these two parameters lend themselves well to the notion of a polar-
ization (pseudo-)vector, where the length of the vector is set by p and its orientation
(which is not a direction) by ✓. One must, however, by careful with this analogy because
these pseudo-vectors do not behave like normal vectors. For example,

• two polarization measurements yielding the same level p and orientations differing
by ⇡/2 do not add up to give a total vector of length

p
2p and of intermediate

orientation. Instead equations (1.41)-(1.42) make it clear the resulting polarization
pseudo-vector will be of length p = 0 since cos (2✓) + cos (2✓ + ⇡) = sin (2✓) +

sin (2✓ + ⇡) = 0. In other words, polarization pseudo-vectors exhibiting the same
level p and orientated perpendicular to one another cancel out.
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1 Interstellar magnetic fields

• Although p and ✓ lend themselves well for certain types of analysis, it is important to
remember that Q and U are the fundamental quantities that should be manipulated
for calculations performed at the fundamental level. For example, if two sets of
polarization measurements made on the same source are to be combined to, say,
improve the signal-to-noise ratio, then it is the Q and U parameters that must be
averaged, not p and ✓.

• Finally, the polarization angle is generally defined such ✓ = 0 when pointing north
on the sky and is increasing eastward (0  ✓  ⇡).

1.2 Polarization from spectral lines

) Individual spectral lines from atoms or molecules are intrinsically polarized, but... (
Let us consider the case, for example, of a simple molecule (e.g., as carbon monoxide

(CO)) with rotational states |J, mi defined by the quantum numbers J and m, with
�J  m  J in steps of 1. We will assume, for simplicity, that the molecule is in
the electronic and vibrational ground states such that we are only dealing with pure
rotational transitions. A transition |J, mi ! |J + �J, m + �mi will be allowed for cases
where �J = ±1 and �m = 0, ±1; an example is provided in Figure 1.1. The nature of
the polarization state of a given spectral line depends on the value �m, the change in the
magnetic quantum number. More precisely, a so-called ⇡-line will result when �m = 0

and a �-line whenever �m = ±1 (i.e., there are two of them).
A group of atoms or molecules must somehow be aligned in order to exhibit detectable

polarized emission (or absorption) from a given spectral line, i.e., their symmetry axis
must have a preferential orientation in relation to some external agent. An ambient
magnetic field pervading the region within which the atoms/molecules are located will
serve such a purpose, as long as a few conditions are met:

• The atoms/molecules under question are endowed with a magnetic moment. Cer-
tainly, this will be the case for molecules to soon be discussed within the context of
the Zeeman effect (e.g., HI, OH and CN) since, as we will see, the frequency split-
ting at the heart of this effect comes from a magnetic dipolar interaction. However,
even other molecules weakly sensitive to the Zeeman effect (e.g., CO, CS, H2O, ...)
will also have a small magnetic moment due to the rotation of their nuclei (and
their “slipping” from the electrons).

• If the magnetic moment µ and the ambient magnetic field strength B are such
that µB/~ > ⌫coll, Aul, BulI, with ⌫coll the collisional rate and Aul and BulI the
spontaneous and stimulated emission rates, then the molecules will be effectively
aligned by the magnetic field. This condition usually easily met in a wide range of
environments. For example, for molecules like CO we µ/~ ⇠ 1 mH/µG while at a
density of, say, n ⇠ 10

4
cm

�3 and a relative collision velocity of �v ⇠ 1 km/sec
⌫coll ⇡ n��v ⇡ 10

�6
s
�1 (i.e., � ⇠ 10

�15
cm

2), as well Aul ⇠ 10
�6

s
�1 for CO

(J = 2 ! 1). That is, even a weak magnetic field of B ⇠ 10 µG will easily meet
this condition.
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Figure 1.1: Energy levels for the J = 0, 1 rotational state of the, for example, CO
molecule (left) and the possible transitions between the two sets of states
(right). The presence of a magnetic field B will lift the degeneracies be-
tween the levels and provide a natural quantization axis. An ensemble of
molecules will preferentially aligned themselves relative to orientation of the
magnetic field, which is essential for the existence of a net polarization signal
in the radiation emanating from the ensemble of molecules. Courtesy R. M.
Crutcher.

1.2.1 The Zeeman effect

In the absence of a magnetic field the period of all these oscillations is the
same. But as soon as the electron is exposed to the effect of a magnetic field,
its motion changes. - Pieter Zeeman

If we consider a classical electron of charge q and mass me exhibiting some orbital motion
in an atom or a molecule, then we can calculate its magnetic moment µ by the product
of the associated electric current and the area contained within the circuit traced by the
charge. Assuming a circular orbit we have

µ = q
!

2⇡
· ⇡r

2

=
q

2me

mevr

=
q

2me

L, (1.45)
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density of, say, n ⇠ 10

4
cm

�3 and a relative collision velocity of �v ⇠ 1 km/sec
⌫coll ⇡ n��v ⇡ 10

�6
s
�1 (i.e., � ⇠ 10

�15
cm

2), as well Aul ⇠ 10
�6

s
�1 for CO

(J = 2 ! 1). That is, even a weak magnetic field of B ⇠ 10 µG will easily meet
this condition.
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• Although p and ✓ lend themselves well for certain types of analysis, it is important to
remember that Q and U are the fundamental quantities that should be manipulated
for calculations performed at the fundamental level. For example, if two sets of
polarization measurements made on the same source are to be combined to, say,
improve the signal-to-noise ratio, then it is the Q and U parameters that must be
averaged, not p and ✓.

• Finally, the polarization angle is generally defined such ✓ = 0 when pointing north
on the sky and is increasing eastward (0  ✓  ⇡).

1.2 Polarization from spectral lines

) Individual spectral lines from atoms or molecules are intrinsically polarized, but... (
Let us consider the case, for example, of a simple molecule (e.g., as carbon monoxide

(CO)) with rotational states |J, mi defined by the quantum numbers J and m, with
�J  m  J in steps of 1. We will assume, for simplicity, that the molecule is in
the electronic and vibrational ground states such that we are only dealing with pure
rotational transitions. A transition |J, mi ! |J + �J, m + �mi will be allowed for cases
where �J = ±1 and �m = 0, ±1; an example is provided in Figure 1.1. The nature of
the polarization state of a given spectral line depends on the value �m, the change in the
magnetic quantum number. More precisely, a so-called ⇡-line will result when �m = 0

and a �-line whenever �m = ±1 (i.e., there are two of them).
A group of atoms or molecules must somehow be aligned in order to exhibit detectable

polarized emission (or absorption) from a given spectral line, i.e., their symmetry axis
must have a preferential orientation in relation to some external agent. An ambient
magnetic field pervading the region within which the atoms/molecules are located will
serve such a purpose, as long as a few conditions are met:

• The atoms/molecules under question are endowed with a magnetic moment. Cer-
tainly, this will be the case for molecules to soon be discussed within the context of
the Zeeman effect (e.g., HI, OH and CN) since, as we will see, the frequency split-
ting at the heart of this effect comes from a magnetic dipolar interaction. However,
even other molecules weakly sensitive to the Zeeman effect (e.g., CO, CS, H2O, ...)
will also have a small magnetic moment due to the rotation of their nuclei (and
their “slipping” from the electrons).

• If the magnetic moment µ and the ambient magnetic field strength B are such
that µB/~ > ⌫coll, Aul, BulI, with ⌫coll the collisional rate and Aul and BulI the
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Figure 1.1: Energy levels for the J = 0, 1 rotational state of the, for example, CO
molecule (left) and the possible transitions between the two sets of states
(right). The presence of a magnetic field B will lift the degeneracies be-
tween the levels and provide a natural quantization axis. An ensemble of
molecules will preferentially aligned themselves relative to orientation of the
magnetic field, which is essential for the existence of a net polarization signal
in the radiation emanating from the ensemble of molecules. Courtesy R. M.
Crutcher.

1.2.1 The Zeeman effect

In the absence of a magnetic field the period of all these oscillations is the
same. But as soon as the electron is exposed to the effect of a magnetic field,
its motion changes. - Pieter Zeeman

If we consider a classical electron of charge q and mass me exhibiting some orbital motion
in an atom or a molecule, then we can calculate its magnetic moment µ by the product
of the associated electric current and the area contained within the circuit traced by the
charge. Assuming a circular orbit we have

µ = q
!

2⇡
· ⇡r

2

=
q

2me

mevr

=
q

2me

L, (1.45)
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When these conditions are met, the magnetic field orientation defines a natural axis for
quantization. As depicted in Figure 1.1, it then follows that the ⇡- and �-lines spectral
lines all have different polarization characteristics as well as radiation patterns in relation
to the external magnetic field orientation. Namely,

• The ⇡-line (when �m = 0) only emits linearly polarized radiation aligned with the
external magnetic field and a radiation pattern perpendicular to it. For example,
an observer detecting emission from a ⇡-line when the external magnetic field is
confined to the plane of the sky would see the corresponding spectral line as being
linearly polarized in the same direction as the field. On the other hand, the ⇡-
line would not be detected if the magnetic field was (anti-)parallel with the line of
sight. At intermediate orientation for the magnetic field, the radiation from the
⇡-line would be polarized along the orientation of the projected magnetic field on
the plane of the sky.

• Radiation from the �-lines (when �m = ±1) is generally elliptically polarized,
with their common linear polarization component perpendicular to that of the ⇡-
line (i.e., perpendicular to the orientation of the projected magnetic field on the
plane of the sky). The two �-lines have, however, opposite circular polarization
states (i.e., right for �m = +1 and left for �m = �1 when the field is pointing
at the observer, and vice-versa). The detected polarization for a given �-line is
purely linear when the magnetic field is confined to the plane of the sky and purely
circular (anti-)parallel with the line of sight.

Given the differences in the polarization properties and radiation patterns, as well as their
close relation to the orientation of the external magnetic field, one might expect that it
would be easy to characterize the magnetic field through polarization measurements. As
it turns out, this is far from being the case... One can identify a few obstacles:

• At thermodynamic equilibrium both �-lines have the same intensity and their total
intensity equals that of the ⇡-line. If all these lines happen at the same (or are close
in) frequency, then their polarization pseudo-vectors will cancel out because there
would then be an equal intensity or radiation in perpendicular radiation states (see
then end of Sec. 1.1). The lack of a polarization signal implies the impossibility of
measuring the orientation of the projected magnetic field on the plane of the sky.

• Because the two �-lines share the same radiation pattern and their circular polar-
ization signals are opposite (i.e., orthogonal) no net polarization can be detected
whenever these lines fall at the same (or are close in) frequency. Under these con-
ditions we cannot expect to learn anything concerning the line of sight component
of the magnetic field.

Since both of these issues appear to be linked to the fact that the ⇡- and �-lines i) fall
close in frequency and ii) are related in their intensities and radiation patterns, maybe
we can hope to make progress by identifying physical processes that mitigate these issues.

7

SOFIA school - 2023



1 Interstellar magnetic fields

Figure 1.1: Energy levels for the J = 0, 1 rotational state of the, for example, CO
molecule (left) and the possible transitions between the two sets of states
(right). The presence of a magnetic field B will lift the degeneracies be-
tween the levels and provide a natural quantization axis. An ensemble of
molecules will preferentially aligned themselves relative to orientation of the
magnetic field, which is essential for the existence of a net polarization signal
in the radiation emanating from the ensemble of molecules. Courtesy R. M.
Crutcher.

1.2.1 The Zeeman effect

In the absence of a magnetic field the period of all these oscillations is the
same. But as soon as the electron is exposed to the effect of a magnetic field,
its motion changes. - Pieter Zeeman

If we consider a classical electron of charge q and mass me exhibiting some orbital motion
in an atom or a molecule, then we can calculate its magnetic moment µ by the product
of the associated electric current and the area contained within the circuit traced by the
charge. Assuming a circular orbit we have

µ = q
!

2⇡
· ⇡r

2

=
q

2me

mevr

=
q

2me

L, (1.45)

8

Polarization	from	spectral	lines	-	alignment

1 Interstellar magnetic fields

• Although p and ✓ lend themselves well for certain types of analysis, it is important to
remember that Q and U are the fundamental quantities that should be manipulated
for calculations performed at the fundamental level. For example, if two sets of
polarization measurements made on the same source are to be combined to, say,
improve the signal-to-noise ratio, then it is the Q and U parameters that must be
averaged, not p and ✓.

• Finally, the polarization angle is generally defined such ✓ = 0 when pointing north
on the sky and is increasing eastward (0  ✓  ⇡).

1.2 Polarization from spectral lines

) Individual spectral lines from atoms or molecules are intrinsically polarized, but... (
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�J  m  J in steps of 1. We will assume, for simplicity, that the molecule is in
the electronic and vibrational ground states such that we are only dealing with pure
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magnetic quantum number. More precisely, a so-called ⇡-line will result when �m = 0

and a �-line whenever �m = ±1 (i.e., there are two of them).
A group of atoms or molecules must somehow be aligned in order to exhibit detectable

polarized emission (or absorption) from a given spectral line, i.e., their symmetry axis
must have a preferential orientation in relation to some external agent. An ambient
magnetic field pervading the region within which the atoms/molecules are located will
serve such a purpose, as long as a few conditions are met:

• The atoms/molecules under question are endowed with a magnetic moment. Cer-
tainly, this will be the case for molecules to soon be discussed within the context of
the Zeeman effect (e.g., HI, OH and CN) since, as we will see, the frequency split-
ting at the heart of this effect comes from a magnetic dipolar interaction. However,
even other molecules weakly sensitive to the Zeeman effect (e.g., CO, CS, H2O, ...)
will also have a small magnetic moment due to the rotation of their nuclei (and
their “slipping” from the electrons).

• If the magnetic moment µ and the ambient magnetic field strength B are such
that µB/~ > ⌫coll, Aul, BulI, with ⌫coll the collisional rate and Aul and BulI the
spontaneous and stimulated emission rates, then the molecules will be effectively
aligned by the magnetic field. This condition usually easily met in a wide range of
environments. For example, for molecules like CO we µ/~ ⇠ 1 mH/µG while at a
density of, say, n ⇠ 10
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�3 and a relative collision velocity of �v ⇠ 1 km/sec
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(J = 2 ! 1). That is, even a weak magnetic field of B ⇠ 10 µG will easily meet
this condition.
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where we used v = !r for the orbital speed and L is the angular momentum (here, I
follow the usual custom of denoting the electronic angular momentum by L instead of J ,
which is for the total angular momentum). We therefore see that the magnetic moment
of the electron is proportional to its angular momentum. When the atom or molecule is
subjected to an external magnetic (induction) field B the Hamiltonian of the system can
be written

H = H0 � µ · B, (1.46)

where H0 is the Hamiltonian of the free atom or molecule (i.e., when unperturbed by
the external field) and we have generalized the field-matter interaction using the total
(vectorial) magnetic moment µ, which potentially contains a contribution from all the
components (i.e., particles) of the system.

If we now define the magnetic field as being oriented along the z-axis, i.e., B = Bez,
then for the simple case where only one electron contributes to the total magnetic moment

H = H0 � µB

~ LzB, (1.47)

with the Bohr magneton

µB =
q~

2me

. (1.48)

We now transition to the quantum world and write

Ĥ = Ĥ0 � µ̂ · B
= Ĥ0 � µB

~ L̂zB, (1.49)

where we still treat the magnetic field as a classical entity (for that reason analyses such
as this one are often called “semi-classical”). Assuming that Ĥ0 has the set {|`, mi} for its
eigenvector with the eigenvalue, say, E`,m, we find that the interaction with the magnetic
field changes this energy by an amount

�E`,m = �µBmB. (1.50)

We therefore find that the energy of the system is altered by a quantity that is propor-
tional to the magnetic quantum number m and the external magnetic field. This
is a very important example as it clearly shows that the 2` + 1 times degeneracy of the
|`, mi state is lifted by the presence of the magnetic field. For an atom or molecule, this
implies that a spectral line associated with the principal quantum number ` should
split into 2` + 1 separate fine structure lines. This is the so-called normal Zeeman
effect.3

3
Although we have considered a “one-electron” atom (at least, as far as the external interaction is

concerned), this formalism can be extended to any quantum mechanical system possessing a magnetic

moment.
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Although this effect is observed experimentally, it does not account for all possible
results. For example, for systems where ` = 0 (and therefore m = 0) it is found (e.g., for
the hydrogen atom) that there can still exist a spectral splitting, contrary to what would
be expected through equation (1.50). For this reason, this is called the anomalous
Zeeman effect.

It was found that this effect could be explained if one postulates that the electron (and
other particles) possesses an intrinsic angular momentum or spin Ŝ, to which an
intrinsic magnetic moment is associated

µ̂s ' 2
µB

~ Ŝ, (1.51)

where the proportionality factor of 2 for the electron is precise to about 10
�3. Comparison

with equations (1.45) and (1.48) reveals that the electron spin has a gyromagnetic ratio
� ' 2µB/~ (and generally defined through µ̂s ⌘ �Ŝ, or µ̂ ⌘ �L̂ in equation (1.45)) that
is approximately twice that of its orbital angular momentum.

We therefore find that the Zeeman effect potentially solves one of the issues previously
identified since it will ensure, in principle, that the ⇡- and �-lines do not fall at the
same frequency. This will be true, at least, for atoms and molecules that are strongly
sensitive to the Zeeman effect. We should therefore be looking for candidates that are
i) abundant enough in the ISM and ii) have an odd number of electrons, thus ensuring
the existence of a corresponding spin and a strong magnetic moment through equation
(1.51) (a non-zero nuclear spin would unlikely be sufficient since the Bohr magnetic is
replaced by the nuclear magnetic in that equation). For this reason, the main spectral
lines used to probe the Zeeman effect in the ISM are atomic hydrogen (HI), hydroxyl
(OH) and cyanid (CN), which all have S = 1/2.

Before we look more closely at some candidate spectral lines, let us look at what can
be expected as far as solving our frequency degeneracy problem. The Zeeman sensitivity
associated with these spectral transitions is on the order of 1 Hz/µG. Looking on the
high-side of magnetic field strengths we can expect B ⇠ 1 mG in the denser parts of
giant molecular clouds. That is, the Zeeman splitting between the ⇡- and �-lines will
be �⌫z ⇠ 1 kHz. On the other hand, line of sight velocities measured for these spectral
lines can often reach as high as tens of km/s. Using the Doppler shift formula we find
that

�⌫ ⇡ 3.3

⇣
⌫0

1 GHz

⌘✓
�v

1 km s�1

◆
kHz, (1.52)

where ⌫0 and �v are the frequency of the spectral transition and its line width, respec-
tively.

We can therefore already see that, although ⇡- and �-lines will not fall on the same
frequency for a given line of sight velocity, there will be significant spectral overlap
between them. This effect, which gets worse with increasing frequency, will strongly
limit the applicability of the Zeeman effect for measuring the magnetic field strength.
For example, while the Doppler broadening would be on the order ⇠ 5 kHz with �v = 1

km/s for the commonly used OH lines at 18 cm, it would become ⇠ 376 kHz for the CN
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(N = 1 ! 0) transition at 113 GHz. It should be apparent that we should not expect
to often see a clear Zeeman splitting between the ⇡- and �-lines but rather a Zeeman
broadening in most cases.

What are further consequences of this overlap? As we have seen in Sec. 1.1 the
Stokes Q, U and V can be defined as subtractions of signals exhibiting two orthogonal
polarization states: linear polarizations along e1 and e2 for Q (see equation 1.18) and
along axes oriented at 45 deg from e1 and e2 for U (see equation 1.34); and circular
polarizations along e+ and e� for V (see equation 1.24). Whenever �⌫z ⌧ �⌫ Taylor
expansions can be used to transform these differences to

Q ' �1

4

d
2
I

d⌫2
(cos ✓ � sin ✓) (�⌫z sin ◆)

2 (1.53)

U ' �1

4

d
2
I

d⌫2

⇣p
2 sin ✓

⌘
(�⌫z sin ◆)

2 (1.54)

V ' dI

d⌫
�⌫z cos ◆, (1.55)

with ✓, as before, the polarization angle on the plane of the sky (relative to e1) and ◆ the
inclination angle of the magnetic field relative to the line of sight (Crutcher et al. 1993,
ApJ, 407, 175). It follows that

• The Stokes Q and U signals are proportional to the square of the plane-of-the-sky
component of the magnetic field. However, because of their dependency on the
second frequency derivative of the total intensity I they will be extremely weak
and generally impossible to measure.

• The Stokes V spectrum is proportional to the first frequency derivative of the total
intensity I as well as the line-of-sight component of the magnetic field, and can
therefore yield its strength.

Despite these significant limitations, the Zeeman effect is still to this day the only means
we have for directly measuring the strength of the magnetic field, i.e., its line of sight
component. It therefore remains a powerful tool for studying magnetic fields in the ISM.

1.2.1.1 Zeeman measurements with HI, OH and CN

The transitions at 21-cm (1.42 GHz) for HI (F = 1 ! 0); 1.6-1.7 GHz (18-cm), 6 GHz,
..., for OH

�
2
⇧3/2, J = 3/2, 5/2, ...

�
; and at 113 GHz for CN (N = 1 ! 0) have been

the main tools for studying the Zeeman effect in the ISM. Each of the atom/molecules
have an unpaired electron, which renders their transitions sensitive to the Zeeman effect.
Figure 1.2 shows the energy level diagram for the HI 21-cm line in the presence of an
external magnetic field responsible for the Zeeman splitting of the F = 1 sub-levels.
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(N = 1 ! 0) transition at 113 GHz. It should be apparent that we should not expect
to often see a clear Zeeman splitting between the ⇡- and �-lines but rather a Zeeman
broadening in most cases.

What are further consequences of this overlap? As we have seen in Sec. 1.1 the
Stokes Q, U and V can be defined as subtractions of signals exhibiting two orthogonal
polarization states: linear polarizations along e1 and e2 for Q (see equation 1.18) and
along axes oriented at 45 deg from e1 and e2 for U (see equation 1.34); and circular
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therefore yield its strength.

Despite these significant limitations, the Zeeman effect is still to this day the only means
we have for directly measuring the strength of the magnetic field, i.e., its line of sight
component. It therefore remains a powerful tool for studying magnetic fields in the ISM.
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HI	21	cm	-	Zeeman	effect
1 Interstellar magnetic fields

No. 2, 2001 VLA H I AND OH TOWARD M17 833

toward B-17N in H I and OH gas are shown in Figures 10b
and 12, respectively. The D15 km s~1 H I componentBlostoward B-17N is also about a factor of 2 wider than the OH

component. This suggests that the H I componentBlos Bloscould arise from shocked gas while the OH does not.
Similar resolution (D20A) molecular emission data from

as far north of the M17 SW core as B-17N is scarce. The
13CO integrated emission (D47A resolution ; Wilson et al.
1999) shown in Figure 7 extends this far north, but it is
unclear whether B-17N is a separate 13CO clump at this
resolution. B-17N does appear to be spatially coincident
with the southern edge of the Rainey et al. (1987) CO(3È2)
cloud ““ F,ÏÏ which has velocities ranging from 14 to 18 km
s~1. The Rainey et al. UKIRT data have D55A resolution,
and these authors note that the position of ““ F ÏÏs CO peak
shifts south with increasing velocity in agreement with our
OH results (see Fig. 11).

3.4.4. OH in B-17CBlos
OH condensation B-17C is also shown in Figure 11. The

region of signiÐcant detections and high-OH columnBlosdensities toward B-17C is roughly spherical with a size of
D50A. The average magnetic Ðeld measured in OH toward
B-17C is ]150 ^ 50 kG. This OH condensation appears to
be comprised of only one narrow velocity component at
D17.8 km s~1 with a km s~1. A similar*vFWHM D 2.5
velocity feature is also observed in 13CO toward this region
(see Fig. 7). A sample Ðt for this OH condensation isBlosshown in Figure 13.

3.4.5. OH in B-17SBlos
The southernmost 17 km s~1 OH condensation, B-17S,

has a unique morphology and velocity structure. The

FIG. 12.ÈOH Ðt toward OH condensation B-17N at positionBlos18h17m23s, [16¡09@47A. The upper panel shows the VLA Stokes I proÐle
(solid histogram), and the bottom panel shows the VLA Stokes V proÐle
(solid histogram) with the Ðtted derivative of Stokes I shown as a smooth
dotted curve. The solid portions of the Stokes I histogram (upper panel)
and the Ðtted derivative (lower panel) show the velocity range used in the
Ðt. The Ðtted value of and its calculated error are given at the top of theBlosplot. See also the H I Ðt at this position in Fig. 10b.Blos

FIG. 13.ÈOH Ðt toward OH condensation B-17C at postionBlos18h17m26s , [16¡11@00A. The upper panel shows the VLA Stokes I proÐle
(solid histogram), and the bottom panel shows the VLA Stokes V proÐle
(solid histogram) with the Ðtted derivative of Stokes I shown as a smooth
dotted curve. The solid portions of the Stokes I histogram (upper panel)
and the Ðtted derivative (lower panel) show the velocity range used in the
Ðt. The Ðtted value of and its calculated error are given at the top of theBlosplot.

central region of this OH condensation has a velocity of 17
km s~1, and is approximately elliptical in shape with its
long axis oriented parallel to the interface (see Fig. 14). As
shown in Figure 14, the 17 km s~1 ellipse (shown by the
black contours) is partially encircled by a slightlyqOH67

FIG. 14.ÈMagniÐed view of the OH condensation B-17S (see Fig. 6).
The gray scale and single white contour shows the 20 km s~1 whileqOH67,
the black contours show the 17 km s~1 OH 1667 optical depth. The 17 km
s~1 black contours are at 1.2, 1.6, and 2, while the single whiteqOH67 \ 0.8,
20 km s~1 contour is at The single dotted line shows the 1.5 JyqOH67 \ 0.8.
beam~1 18 cm continuum contour level that traces the resolved ““ knot ÏÏ of
continuum emission visible in Fig. 2.

Figure 1.5: Same as Figure 1.3 but for the OH 1667 GHz line (see Fig. 1.4), still in
absorption in M17. From Brogan et al. 2001, 560, 821.

The CN molecule is rather simple linear molecule with a corresponding energy ladder
complicated by the fact that the presence of the nuclear spin adds an hyperfine structure
that is responsible for the existence of a large number of lines even for the fundamental
transition N = 1 ! 0 at 113 GHz. The hyperfine components (a total of 9 for this
transition, 7 of which are strong) have differing sensitivities to the Zeeman effect and
can be stacked together to improve sensitivity and reduced instrumental effects that
complicated these measurements (beam squint, etc.; see Crutcher et al. 1996, ApJ,
456, 217). An example of a successful Zeeman detection in this transition is shown
in Figure 1.6 for the W3(OH) molecular cloud complex. The estimated magnetic field
strength Blos = 1.10 ± 0.33 mG was approximately 1/5 of instrumental contribution!
Only the availability of the 7 strong hyperfine components could render a correction for
the unwanted instrumental polarization possible (Falgarone et al. 2008, A&A, 487, 247).

The Zeeman detections presented here give us a good sense of the difficulties in realizing
such measurements and, accordingly, the rate of new Zeeman detections has somewhat
stagnated in recent years. However, the significant number of detections acquired through
the years, combined with the unique information Zeeman measurements provide for mag-
netic field strengths, have yielded important results. For example, the aggregate of HI,
OH and CN Zeeman measurements in diffuse and molecular clouds presented in Figure
1.7 have allowed us to effectively probe the sub/super-criticality of molecular clouds.

Finally, there are cases where Zeeman results are facilitated. This is sometimes true
some OH transitions when they are detected in the maser action regime. Masers often
exhibit much narrower lines and are detected in regions of higher density harbouring
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1 Interstellar magnetic fields
No. 2, 2001 VLA H I AND OH TOWARD M17 833

toward B-17N in H I and OH gas are shown in Figures 10b
and 12, respectively. The D15 km s~1 H I componentBlostoward B-17N is also about a factor of 2 wider than the OH

component. This suggests that the H I componentBlos Bloscould arise from shocked gas while the OH does not.
Similar resolution (D20A) molecular emission data from

as far north of the M17 SW core as B-17N is scarce. The
13CO integrated emission (D47A resolution ; Wilson et al.
1999) shown in Figure 7 extends this far north, but it is
unclear whether B-17N is a separate 13CO clump at this
resolution. B-17N does appear to be spatially coincident
with the southern edge of the Rainey et al. (1987) CO(3È2)
cloud ““ F,ÏÏ which has velocities ranging from 14 to 18 km
s~1. The Rainey et al. UKIRT data have D55A resolution,
and these authors note that the position of ““ F ÏÏs CO peak
shifts south with increasing velocity in agreement with our
OH results (see Fig. 11).

3.4.4. OH in B-17CBlos
OH condensation B-17C is also shown in Figure 11. The

region of signiÐcant detections and high-OH columnBlosdensities toward B-17C is roughly spherical with a size of
D50A. The average magnetic Ðeld measured in OH toward
B-17C is ]150 ^ 50 kG. This OH condensation appears to
be comprised of only one narrow velocity component at
D17.8 km s~1 with a km s~1. A similar*vFWHM D 2.5
velocity feature is also observed in 13CO toward this region
(see Fig. 7). A sample Ðt for this OH condensation isBlosshown in Figure 13.

3.4.5. OH in B-17SBlos
The southernmost 17 km s~1 OH condensation, B-17S,

has a unique morphology and velocity structure. The

FIG. 12.ÈOH Ðt toward OH condensation B-17N at positionBlos18h17m23s, [16¡09@47A. The upper panel shows the VLA Stokes I proÐle
(solid histogram), and the bottom panel shows the VLA Stokes V proÐle
(solid histogram) with the Ðtted derivative of Stokes I shown as a smooth
dotted curve. The solid portions of the Stokes I histogram (upper panel)
and the Ðtted derivative (lower panel) show the velocity range used in the
Ðt. The Ðtted value of and its calculated error are given at the top of theBlosplot. See also the H I Ðt at this position in Fig. 10b.Blos

FIG. 13.ÈOH Ðt toward OH condensation B-17C at postionBlos18h17m26s , [16¡11@00A. The upper panel shows the VLA Stokes I proÐle
(solid histogram), and the bottom panel shows the VLA Stokes V proÐle
(solid histogram) with the Ðtted derivative of Stokes I shown as a smooth
dotted curve. The solid portions of the Stokes I histogram (upper panel)
and the Ðtted derivative (lower panel) show the velocity range used in the
Ðt. The Ðtted value of and its calculated error are given at the top of theBlosplot.

central region of this OH condensation has a velocity of 17
km s~1, and is approximately elliptical in shape with its
long axis oriented parallel to the interface (see Fig. 14). As
shown in Figure 14, the 17 km s~1 ellipse (shown by the
black contours) is partially encircled by a slightlyqOH67

FIG. 14.ÈMagniÐed view of the OH condensation B-17S (see Fig. 6).
The gray scale and single white contour shows the 20 km s~1 whileqOH67,
the black contours show the 17 km s~1 OH 1667 optical depth. The 17 km
s~1 black contours are at 1.2, 1.6, and 2, while the single whiteqOH67 \ 0.8,
20 km s~1 contour is at The single dotted line shows the 1.5 JyqOH67 \ 0.8.
beam~1 18 cm continuum contour level that traces the resolved ““ knot ÏÏ of
continuum emission visible in Fig. 2.

Figure 1.5: Same as Figure 1.3 but for the OH 1667 GHz line (see Fig. 1.4), still in
absorption in M17. From Brogan et al. 2001, 560, 821.

The CN molecule is rather simple linear molecule with a corresponding energy ladder
complicated by the fact that the presence of the nuclear spin adds an hyperfine structure
that is responsible for the existence of a large number of lines even for the fundamental
transition N = 1 ! 0 at 113 GHz. The hyperfine components (a total of 9 for this
transition, 7 of which are strong) have differing sensitivities to the Zeeman effect and
can be stacked together to improve sensitivity and reduced instrumental effects that
complicated these measurements (beam squint, etc.; see Crutcher et al. 1996, ApJ,
456, 217). An example of a successful Zeeman detection in this transition is shown
in Figure 1.6 for the W3(OH) molecular cloud complex. The estimated magnetic field
strength Blos = 1.10 ± 0.33 mG was approximately 1/5 of instrumental contribution!
Only the availability of the 7 strong hyperfine components could render a correction for
the unwanted instrumental polarization possible (Falgarone et al. 2008, A&A, 487, 247).

The Zeeman detections presented here give us a good sense of the difficulties in realizing
such measurements and, accordingly, the rate of new Zeeman detections has somewhat
stagnated in recent years. However, the significant number of detections acquired through
the years, combined with the unique information Zeeman measurements provide for mag-
netic field strengths, have yielded important results. For example, the aggregate of HI,
OH and CN Zeeman measurements in diffuse and molecular clouds presented in Figure
1.7 have allowed us to effectively probe the sub/super-criticality of molecular clouds.

Finally, there are cases where Zeeman results are facilitated. This is sometimes true
some OH transitions when they are detected in the maser action regime. Masers often
exhibit much narrower lines and are detected in regions of higher density harbouring
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Table 2. CN Zeeman sources – positions and physical parameters.

Cloud �(2000) �(2000) T �A v �v d r n(H2) Nn,r(H2) NCN(H2) Mobs Mvir

K km s�1 km s�1 kpc pc 105 cm�3 1023 cm�2 1023 cm�2 M� M�
W3OH 02 27 04.1 61 52 22 2.2 –46.5 4.2 2.4 0.12 1.5 1.1 0.9 88 430
OMC1s 05 35 13.5 –05 22 52 14.7 8.5 2.0 0.45 0.03 18 3.4 2.3 17 26
OMC1n1 05 35 14.5 –05 22 07 13.0 9.9 1.4 0.45 0.03 18 3.6 1.5 16 13
OMC1n4 05 35 16.8 –05 19 31 14.5 9.4 1.5 0.45 0.03 14 2.8 2.2 18 15
NGC2024 05 41 44.2 –01 55 41 8.6 11.0 2.2 0.45 0.04 5.9 1.4 2.2 18 40
S255 06 12 53.7 17 59 22 5.6 7.3 2.3 2.5 0.18 3.7 4.2 1.3 500 200
G10.6 18 10 28.7 –19 55 49 8.9 2.8 5.8 6.5 0.19 14 16.4 4.9 2100 1300
M17SWHI 18 20 22.9 –16 11 32 17.3 19.9 4.3 1.3 0.11 6.0 4.2 6.2 430 440
M17SWCN 18 20 25.0 –16 13 42 16.9 19.6 3.3 1.3 0.10 6.0 3.7 5.3 290 230
S106OH 20 27 28.4 37 22 41 5.3 –1.7 2.0 1.7 0.07 1.0 0.4 0.9 17 55
S106CN 20 27 29.5 37 22 54 7.3 –1.8 1.9 1.7 0.07 1.0 0.4 1.3 21 50
DR21OH1 20 38 59.9 42 22 38 4.5 –4.7 2.3 3 0.15 1.7 1.5 1.0 170 160
DR21OH2 20 38 59.9 42 22 38 2.6 –0.9 2.3 3 0.15 1.7 1.5 0.7 140 160
S140 22 19 17.1 63 18 35 6.0 –6.3 2.4 0.9 0.05 6.0 1.0 1.3 28 63

line optical depth, this ratio should be 1; for a very small line
optical depth, the ratio will be 2.7. All but one of these ratios
are within the range 2.7–1 expected for LTE line strengths and
zero to infinite line optical depth; the one that is not has the
RI = 10 lines only very slightly too weak for LTE and low op-
tical depth. The maximum line optical depth found by this tech-
nique is � � 0.5. We therefore compute the column density in
the N = 0 state assuming the RI = 10 lines are optically thin
(see Turner & Gammon 1975). We then compute the total col-
umn density of CN in all states by assuming that all states are
excited with an assumed excitation temperature of 25 K. (These
are warm, dense cores, and several of the T �A are not too far be-
low 25 K in strength.) We then assume CN/H2 = 4 � 10�9 in
order to find NCN(H2). This value of CN/H2 is consistent with
those found by Turner & Gammon (1975) in dense, warm cores,
and matches the results found in OMC1 cores by Johnstone
et al. (2003). Finally, we compute the observed masses Mobs
of the CN Zeeman sources from the radii and geometric mean
of Nn,r(H2) and NCN(H2), denoted N23(H2) in the following. We
also list for comparison the virial masses Mvir = 210r�v2 M�,
where r is expressed in pc and �v in km s�1.

As an example of the data, Fig. 1 shows the spectra of
W3OH. The Stokes I spectrum is the average (weighted by the
sensitivity to the Zeeman e�ect) of hyperfine lines 1, 4, 5, and 7
(Table 1); these are the lines that have significant sensitivity to
the Zeeman e�ect. The Stokes V spectrum is the equivalent aver-
age, where the non-Zeeman contributions to the observed V due
to gain imbalance and instrumental polarization (coe�cients C1
and C2 in the fitting equation (Sect. 2)) have been removed. For
W3OH the instrumental polarization contribution to Stokes V is
the equivalent of a 5.6 mG Zeeman signal for a (totally artificial)
Z = 1 Hz/µG for all 7 hyperfine components. Hence, the in-
strumental polarization contribution in this case is about 5 times
greater than the true Zeeman signal. Only the large variation in
the Zeeman splitting factors among the hyperfine components
makes it possible to obtain reliable Blos results from CN Zeeman
observations, as discussed in Sect. 2. Overplotted on Stokes V is
dI/d� computed from the average Stokes I spectrum and scaled
to the fitted magnetic field strength, Blos = +1.10 mG.

In Table 3, we list the line-of-sight magnetic field
strength Blos and the 1� uncertainty in each measurement.
Instrumental polarization e�ects have been eliminated from the
Stokes V spectra by the fitting procedure, so the uncertainty in
each measurement is dominated by stochastic noise. Earlier dur-
ing the series of CN Zeeman observations (Crutcher et al. 1996)
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Fig. 1. W3OH CN Zeeman spectra. The top plot is the Stokes parame-
ter I spectrum, and the bottom plot is the Stokes parameter V spectrum
(histogram) and dI/d� (heavy line) scaled for Blos = +1.10 mG.

we tested the Zeeman fitting procedure by simulating the fitting
process with artificially generated spectral lines with various Blos
and random spectral noise. We then fitted the resulting spectra to
test what signal-to-noise ratio was required to achieve a reliable
detection of Blos. We found that the results followed the normal
probability distribution function, so at the 2� level 4.6% of the
measurements would be false positives. For 14 measurements
(the number of cloud measurements reported here), one would
then expect 0.6 false “detections” of Blos. We therefore adopted
2� as the statistically valid cut o� for claiming detections. Our
lowest signal-to-noise ratio is slightly above 2�. Therefore, the
detections we claim here are all probably real, although it is
possible (although statistically unlikely) that 1 or even 2 of the

Figure 1.6: Zeeman detection in CN (N = 1 ! 0) at 113 GHz obtained for the W3(OH)
molecular cloud complex. The estimated magnetic field strength Blos =

1.10 ± 0.33 mG was approximately 1/5 of instrumental contribution. From
Falgarone et al. 2008, A&A, 487, 247.

stronger magnetic fields. A salient and unique example of this is shown in Figure 1.8
where the OH

�
2
⇧3/2, J = 7/2, F = 4

+ ! 4
�� line at 13.44 GHz was detected also in

W3(OH). In this case, the three observed maser lines are very narrow (�v ⇡ 0.3 km s
�1

or ⇡ 13 kHz) while the strong magnetic field (B ' 7.6 � 10.6 mG) brought about a
clear Zeeman splitting �⌫z ' 6� 8.4 kHz. In this unique instance for a molecular cloud,
there is no need to compute a Stokes V spectrum from the two circular polarization
measurements since the separation between them directly yields the total magnetic field
strength (i.e., not Blos) quoted above.

Why are these measurements atypical to what is usually seen in molecular clouds? The
authors (Güsten, Fiebig and Uchida 1994, A&A, 26, L51) state that these observations
suggest “... a bow-shock model in which the magnetic field is compressed in the cooled

post-shock layer preceding the compact HII region.”
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1 Interstellar magnetic fields

Figure 1.7: All HI, OH and CN Zeeman measurements obtained in diffuse and molecular
clouds; magnetic field strength vs. column density. The blue line indicates
the critical threshold for gravitational collapse (� = 1) happens at a column
density NH ⇡ 10

22
cm

�2 (or a volume density nH ⇡ 300 cm
�3. Magnetic

fields are strong enough to support clouds against gravity when � < 1 (and
vice-versa). Courtesy T. Troland, adapted from Crutcher et al. 2010, ApJ,
725, 466.
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Figure 1.8: Detection of the Zeeman effect in OH
�
2
⇧3/2, J = 7/2, F = 4

+ ! 4
�� lines in

the W3(OH) molecular cloud complex. The combination of narrow spectral
lines (�v ⇡ 0.3 km s

�1 or ⇡ 13 kHz) and strong total magnetic fields (B '
7.6�10.6 mG) resulted in a clear Zeeman splitting �⌫z ' 6�8.4 kHz. From
Güsten, Fiebig and Uchida 1994, A&A, 26, L51.

ulated than those responsible for �m = 0.

• The radiation detected in directions perpendicular to the magnetic field will then
tend to be dominated by the �-lines, resulting in a net linear polarization orientation
perpendicular to the magnetic field (on the plane of the sky).

• Evidently, the ⇡-line would dominate in a situation where the optical depth is lower
in directions collinear with the ambient magnetic field.

• The orientation of the projection of the magnetic field on the plane of the sky
can be inferred by that of linear polarization pseudo-vector. There is, however, an
inherent 90 deg ambiguity in the corresponding measurement.

• This effect reveals nothing concerning the strength of the magnetic field, at least
not directly.

• No net circular polarization could ever be detected in any direction since it is not
possible to differentiate between the �-lines in this manner. This is because both
lines have the same radiation pattern and happen at the same frequency.
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Figure 1.8: Detection of the Zeeman effect in OH
�
2
⇧3/2, J = 7/2, F = 4

+ ! 4
�� lines in

the W3(OH) molecular cloud complex. The combination of narrow spectral
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�1 or ⇡ 13 kHz) and strong total magnetic fields (B '
7.6�10.6 mG) resulted in a clear Zeeman splitting �⌫z ' 6�8.4 kHz. From
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ulated than those responsible for �m = 0.

• The radiation detected in directions perpendicular to the magnetic field will then
tend to be dominated by the �-lines, resulting in a net linear polarization orientation
perpendicular to the magnetic field (on the plane of the sky).

• Evidently, the ⇡-line would dominate in a situation where the optical depth is lower
in directions collinear with the ambient magnetic field.

• The orientation of the projection of the magnetic field on the plane of the sky
can be inferred by that of linear polarization pseudo-vector. There is, however, an
inherent 90 deg ambiguity in the corresponding measurement.

• This effect reveals nothing concerning the strength of the magnetic field, at least
not directly.

• No net circular polarization could ever be detected in any direction since it is not
possible to differentiate between the �-lines in this manner. This is because both
lines have the same radiation pattern and happen at the same frequency.
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Polarization	from	spectral	lines	-	Goldreich-Kylafis
• Most	molecules/transition	—>	no	Zeeman	effect	

E.g.,	CO	is	more	than	1000	times	less	sensitive	to	Zeeman	than	
CN	

•	π-	and	σ-lines	will	fall	at	the	same	frequency	

•	How	to	get	linear	polarization?	

Move	away	from	thermodynamics	equilibrium	because	the	π-	
and	σ-lines	will	cancel	each	other		

Anisotropy	will	bring	linear	polarization	(no	circular	polarization)	

	E.g.,	velocity	gradient	or	increased	optical	depth	along	
magnetic	field,	anisotropic	external	radiation	field,	…	

No	information	on	magnetic	field	strength	

90	deg	ambiguity

1 Interstellar magnetic fields

Figure 1.1: Energy levels for the J = 0, 1 rotational state of the, for example, CO
molecule (left) and the possible transitions between the two sets of states
(right). The presence of a magnetic field B will lift the degeneracies be-
tween the levels and provide a natural quantization axis. An ensemble of
molecules will preferentially aligned themselves relative to orientation of the
magnetic field, which is essential for the existence of a net polarization signal
in the radiation emanating from the ensemble of molecules. Courtesy R. M.
Crutcher.

1.2.1 The Zeeman effect

In the absence of a magnetic field the period of all these oscillations is the
same. But as soon as the electron is exposed to the effect of a magnetic field,
its motion changes. - Pieter Zeeman

If we consider a classical electron of charge q and mass me exhibiting some orbital motion
in an atom or a molecule, then we can calculate its magnetic moment µ by the product
of the associated electric current and the area contained within the circuit traced by the
charge. Assuming a circular orbit we have

µ = q
!

2⇡
· ⇡r

2

=
q

2me

mevr

=
q

2me

L, (1.45)
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Polarization	from	spectral	lines	-	Goldreich-Kylafis

Cortés+ 2021, ApJ, 923, 204

NGC 6334 I(N) 
CS(J=5-4) @244.9 GHz

Houde+ 2013, ApJ, 764, 24SOFIA school - 2023



Spectral	lines	-	Goldreich-Kylafis	+	masers

Goddi et al. 2017, A&A, 597, A43 
SOFIA school - 2023



Spectral	lines	-	Goldreich-Kylafis	+	masers
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Spectral	lines	-	Goldreich-Kylafis	+	masers
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Polarization	from	dust	-	alignment
“right”	internal	align.

“wrong”	internal	align.

J//a1

J a1⊥

a1

1 Interstellar magnetic fields

shown in Figure 1.9 for the detection of linear polarization consistent with the Goldreich-
Kylafis effect for the CO (J = 2 ! 1) spectral line at 230 GHz in Orion KL. Finally, a
recent linear polarization map of NGC 6334 I(N) in CS (J = 5 ! 4) at 244.5 GHz (red
vectors) obtained with ALMA is presented in Figure 1.10. Polarization from dust con-
tinuum at 1.3 mm (blue vectors) is also shown and will be discussed in Sec. 1.3, while
we will discuss how information about magnetic fields and turbulence can be obtained
from such maps in Sec. 1.4.1.

1.3 Polarization from dust

Dust grains in the ISM interact with radiation through scattering and absorption, and
emit radiation at longer wavelengths. It has been known since the work of Hiltner
more than 70 years ago that light from background stars is linearly polarized due to
selective absorption by foreground dust. Likewise, subsequent work at far-infrared and
mm/submm wavelengths has shown that radiation emanating from dust populations is
also linearly polarized, albeit generally at 90 deg relative to that from background stars
at shorter wavelengths.

Just as was the case for molecules discussed earlier, a population of grains can only
radiate globally with a net level of polarization if its constituents are somehow aligned
with some external agent. Here again, the external magnetic field will fulfill this role. The
leading theory for grain alignment is the so-called Radiative Alignment Torque (RAT)
theory (Lazarian & Hoang 2007, MNRAS, 378, 910), and its main ingredients can be
listed as follows:

• Within the framework of RAT irregularities in the shapes of dust grains lead to a
finite helicity which will serve to spin them up when irradiated by an external radi-
ation field (we saw from equations 1.6 and 1.8 that an electric field can be expressed
with two orthogonal circularly polarized states, which will scatter differently off the
grains because of their helicity).

• Once a grain is spinning it will tend do so by minimizing its total energy while
conserving its angular momentum, resulting in a rotation about its symmetry axis
(i.e., the “short” axis, which has the maximum moment of inertia). This is the so-
called internal alignment process, which is rendered possible through the Barnett
effect where quantum mechanical unpaired spins (we are dealing with paramagnetic
grains) flip to make up for the change in rotational angular momentum in the
alignment process.

• Since the flipping of spins also brings about a net magnetization (there are initially
as many pointing up than down), the grain will interact with the external magnetic
field, resulting in its symmetry axis precessing about it.

• As different parts of the grain’s surface are illuminated by the external radiation
field the imparted radiative torques will tend to align its symmetry axis with the
external magnetic field.
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Polarization	from	dust	-	differential	absorption1 Interstellar magnetic fields

Figure 1.11: Cartoon showing the polarization of light from a background star as it prop-
agates through the dense ISM. The radiation is initially unpolarized but
becomes partially linearly polarized through differential absorption. The
polarized electric field is aligned with plane of the sky component of the
magnetic field.

1.3.1 Dust polarization due to differential absorption (short wavelengths)

As stated earlier, light from background stars, assumed initially unpolarized, can be-
come partially linearly polarized as it propagates through the ISM on its way to our
telescopes. The process is illustrated in Figure 1.11. Because the component of the
background starlight polarized along the long axis of the dust grains is preferentially
absorbed the scattered electric field is polarized parallel to orientation of the plane of the
sky component of the magnetic field responsible for the alignment of the grains.

Evidently there must be enough dust along the line of sight for the radiation to become
polarized but not too much that the starlight is completely absorbed. Figure 1.12 shows
images of the Bok globule (B68) at different wavelengths from blue to near-infrared
bands. Background stars are more or less attenuated depending on the amount of dust
along a line of sight and the wavelength of observation.

This technique of observations has a long been used to map the magnetic field over
a vast range of scales. An example is shown in Figure 1.13, where linear polarization
measurements reveal that the large scale magnetic field traces the Galactic plane at low
latitude.
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1 Interstellar magnetic fields

This brief description of grain alignment through RAT is admittedly oversimplified. A
more careful treatment would, however, corroborate the conclusions that:

• In general, linear polarization from dust grain traces the orientation of the projec-
tion of the magnetic field on the plane of the sky.

• At short wavelengths (e.g., in the optical) where polarization is due to differential
absorption, the linear polarization is aligned with the magnetic field.

• At longer wavelengths (e.g., at FIR and mm/summ wavelengths) where the radi-
ation emanates from the grains, the linear polarization vectors are oriented at 90
deg relative to that of the magnetic field.

• The polarization level p is independent of the magnetic field strength (similar to
the Goldreich-Kylafis effect but unlike the Zeeman effect) and varies proportionally
to sin

2
◆.

Exercise 1.2. A toy model for the dependency of p on the inclination angle.
A highly prolate dust grain is spinning at high rotational frequency ! while emitting in
its own reference frame an electric field

E =

✓
E0p

2
+ Ek

◆
ek +

✓
E0p

2
+ E?

◆
e?1 +

✓
E0p

2
+ E?

◆
e?2, (1.56)

where ek is a unit vector aligned with the long axis of the grain, while e?1 and e?2 are
each aligned with one of the two short axes and E0 is the random unpolarized component
of the field (E0 � Ek, E?). Express the electric field in the reference frame of an observer
whose line of sight is at an inclination angle ◆ relative to the symmetry axis of the grain
and show that the polarization fraction can be written as

p (◆) =

�
Ik � I?

�
sin

2
◆

2I0 +
�
Ik + 3I?

�
+
�
Ik � I?

�
cos2 ◆

' 1

2
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2
◆

✓
Ik � I?

I0

◆
, (1.57)

where I0 /
⌦
E

2

0

↵
, etc., with h· · ·i denoting an average. For this, you will also have to

assume that E0 is uncorrelated with Ek and E? (i.e.,
⌦
E0Ek

↵
= hE0E?i = 0), and that

electric fields along different axes are also uncorrelated (i.e.,
⌦
EkE?

↵
= hE?1E?2i = 0,

etc.).
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Polarization	from	dust	-	differential	absorption1 Interstellar magnetic fields

Figure 1.12: Images of the Bok globule (B68) at different wavelengths from the blue to the
near-infrared. Background stars are more or less attenuated depending on
the amount of dust along a line of sight and the wavelength of observation.
Courtesy ESO.

1.3.2 Dust polarization in emission (longer wavelengths)

Dust grains are heated up by the radiation they absorb at shorter wavelengths and release
some of that energy by radiating at longer wavelengths (far-infrared and mm/submm).
Because they emit more efficiently photons that are polarized along their long axis,
the resulting electric field will be partially polarized in that orientation. The polarized
signal is therefore aligned perpendicularly relative to the plane of the sky component
of the magnetic field. This is illustrated in Figure 1.11. For this reason astronomers
readily rotate polarization vectors by 90 deg to infer the orientation of the magnetic
field. Although this is usually warranted, one should always be careful...

We have shown earlier in Figure 1.10 an ALMA map of NGC 6334 I(N) combining
dust polarimetry at 1.3 mm, therefore in emission (with the polarization vectors already
rotated to show the magnetic field orientation), with CS (J = 5 ! 4) polarization at
244.5 GHz. Accounting for 90 deg ambiguity of the Goldreich-Kylafis effect, we can
see that the two methods generally agree quite well. The agreement is also usually
excellent between dust polarization measurements at short (differential absorption) and
longer (emission) wavelengths. An example is given in Figure 1.15, where a polarimetry
map of Serpens South from SOFIA/HAWC+ at 214 µm (emission; blue vectors) and with
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1 Interstellar magnetic fields

Figure 1.13: Starlight polarization measurements over the sky. At low latitudes the in-
ferred orientation of the magnetic field follows the Galactic plane. Courtesy
T. J. Jones.

SIRPOL in the near-infrared (H band) (differential absorption; grey vectors) is presented,
with both data sets showing the orientation of the magnetic field on the plane of the sky.
We can further attest from this map that not only are the two types of measurements in
good agreement but they are also nicely complementary. Polarization from dust emission
traces the inner part of source while the differential absorption data maps the magnetic
field on the large scale.

1.4 Analysis of polarization maps

We have already established in Sec. 1.2.1 that the Zeeman effect can reveal magnetic
field strengths (usually Blos) through polarimetry studies of spectral lines, but we also
saw that the other processes we have reviewed (i.e., the Goldreich-Kylafis effect and
dust polarimetry) can only reveal the morphology of the plane of the sky component of
magnetic fields. It was, however, shown first by L. Davis Jr. (1951, PhRev, 81, 890)
and then by S. Chandrasekhar & E. Fermi (1953, ApJ, 118, 113) that such maps could
potentially reveal the strength of magnetic fields with an analysis of the dispersion of
polarization vectors. As long as a few assumptions and approximations are made...

The basic idea underlying the DCF-method consists of modelling the magnetic field
with two components such that

B = B0 + Bt (1.58)
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Polarization	from	dust	-	emission

1 Interstellar magnetic fields

Polarization
Dust polarizes background starlight AND emits polarized thermal IR light

Observed E-vector is perpendicular to 
plane of sky component of B field Observed E-vector is parallel to plane of 

sky component of B field 

https://ay201b.files.wordpress.com/2013/03/
ay201b_130305_dust.pdf

Why Dust 
•  Dust attenuates and scatters UV/optical/NIR

Amount of attenuation and spectral shape  depends on dust properties (grain 
size/type)

•  Dust geometry + optical thickness crucial- many stars are embedded in the dust 
•  Attenuation τ~ 1/λ (roughly)+ scattering
•  Absorbed energy heats dust --> thermal IR emission; spectral shape of emitted 

radiation depends on size distribution of dust grains
•  Dust contains most of the interstellar Mg, Si, and Fe, and much of the C

Infrared and optical image
of the Sombrero galaxy

See Mark Whittle's web page for 
lots more details
http://www.astro.virginia.edu/
class/whittle/astr553/Topic09/
Lecture_9.pdf

Figure 1.14: Cartoon showing the polarization of light emitted from dust grains. Because
they emit more efficiently photons that are polarized along their long axis,
the resulting electric field will be partially polarized in that orientation. The
polarized signal is aligned perpendicularly relative to the plane of the sky
component of the magnetic field.
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1 Interstellar magnetic fields

This brief description of grain alignment through RAT is admittedly oversimplified. A
more careful treatment would, however, corroborate the conclusions that:

• In general, linear polarization from dust grain traces the orientation of the projec-
tion of the magnetic field on the plane of the sky.

• At short wavelengths (e.g., in the optical) where polarization is due to differential
absorption, the linear polarization is aligned with the magnetic field.

• At longer wavelengths (e.g., at FIR and mm/summ wavelengths) where the radi-
ation emanates from the grains, the linear polarization vectors are oriented at 90
deg relative to that of the magnetic field.

• The polarization level p is independent of the magnetic field strength (similar to
the Goldreich-Kylafis effect but unlike the Zeeman effect) and varies proportionally
to sin
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Exercise 1.2. A toy model for the dependency of p on the inclination angle.
A highly prolate dust grain is spinning at high rotational frequency ! while emitting in
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where ek is a unit vector aligned with the long axis of the grain, while e?1 and e?2 are
each aligned with one of the two short axes and E0 is the random unpolarized component
of the field (E0 � Ek, E?). Express the electric field in the reference frame of an observer
whose line of sight is at an inclination angle ◆ relative to the symmetry axis of the grain
and show that the polarization fraction can be written as
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Polarization	from	dust	-	differential	absorption	+	emission

1 Interstellar magnetic fields

4 Pillai et al.

Figure 1. The Serpens South cloud as seen by Spitzer (a), HAWC+ intensity imaging

(color scale in panel b), and polarimetry from NIR and HAWC+ data (vectors in b). The

three–color overview map is generated from data acquired with the MIPS 24 µm (red),

IRAC 8 µm (blue) and IRAC 5.8 µm (green) sensors. The grey box in (a) shows the

region mapped with HAWC+, magenta contours correspond to the H2 column densities

from Herschel data
16

at AV values of 15, 20, 30, 45, 70, 85, 110, and 150 mag, and the

dashed white lines show the median RHT-traced filament orientations (see text). Orange

ellipses delimit the regions containing MAINHUB, FIL1 and FIL2. White solid line of

1 pc shows a physical length scale of 3.26 light years. Panel (b) presents HAWC+ 214 µm

intensity (color), and polarimetry from NIR
5

(grey) and HAWC+ 214 µm data (blue, this

work) at PSNR> 3 and PSNR> 2, respectively, tracing the magnetic field orientations,

corresponding to �PA < 10(14)
�
. The blue circle at lower left shows the HAWC+ 214 µm

beamsize. The reference percentage polarization length for HAWC+ is shown in the lower

center, while the lengths of the NIR vectors were set to be identical.

fields traced via polarimetry. We characterized the filament orientations using the

Rolling Hough Transform (RHT19), an image processing tool that determines orien-

tations of linear structures (Methods). We constructed histograms of RHT angles and

magnetic field orientations within the MAINHUB, FIL1, and FIL2 regions. We also

calculated median RHT angles and magnetic field orientations within each elliptical

region. The results are shown in Fig. 2. At the large spatial scales of the elliptical

regions (0.1 – 0.5 pc), the NIR polarization orientations for FIL1 show a narrow dis-

tribution whose median value is 32 ± 2� o�set from being parallel to the RHT-traced

gas filament orientation. For FIL2, the median NIR field orientation is 73 ± 5� o�set

from the filament. For MAINHUB, the NIR field orientation is 95 ± 12� from the

filament angle.

These o�set angle values reveal the NIR-traced magnetic field is perpendicular to

the gas structures within the FIL2 and MAINHUB zones. At smaller spatial scales

(< 0.1 pc), however, the smoothed HAWC+ observations of the FIL2 region show

magnetic field orientations closer to being parallel to the gas filament elongation

Figure 1.15: Polarimetry map of Serpens South from SOFIA/HAWC+ at 214 µm (emis-
sion; blue vectors) and with SIRPOL in the near-infrared (H band) (differ-
ential absorption; grey vectors). Both sets of vectors show the orientation
of the magnetic field on the plane of the sky. From Pillai et al. 2020, Nat.
Ast., 4, 1195.
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the gas structures within the FIL2 and MAINHUB zones. At smaller spatial scales

(< 0.1 pc), however, the smoothed HAWC+ observations of the FIL2 region show
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Polarization from synchrotron radiation

• Radiation	from	acceleration	—	relativistic	gyration	
about	magnetic	field	

• For	a	single	charge	—	elliptical	polarization	

• For	a	population	of	charges	with	a	range	of	pitch	
angles	( )			

relativistic	beaming	cancels	circular	polarization	
component		

	Polarization	is	linear	and	perpendicular	to	Bpos

α

→

Rybicki & Lightman - Radiative processes 
in astrophysics, 1979 (Wiley) 
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Faraday rotation
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Wikipedia

• Propagation	in	plasma:	birefringence	to	
circular	polarization	modes/states	

	

with		 	

• Rotation	of	linear	polarization	state		

	

	Depolarization	with	a	dependence	on	
frequency
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Faraday rotation — magnetic field strength
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• propagation	time	
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Polarization from synchrotron radiation

Fletcher+ 2011, MNRAS, 412, 
2386

M51

VLA+Effelsberg
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Analysis of polarization maps - DCF equation

1 Interstellar magnetic fields

Figure 1.13: Starlight polarization measurements over the sky. At low latitudes the in-
ferred orientation of the magnetic field follows the Galactic plane. Courtesy
T. J. Jones.

SIRPOL in the near-infrared (H band) (differential absorption; grey vectors) is presented,
with both data sets showing the orientation of the magnetic field on the plane of the sky.
We can further attest from this map that not only are the two types of measurements in
good agreement but they are also nicely complementary. Polarization from dust emission
traces the inner part of source while the differential absorption data maps the magnetic
field on the large scale.

1.4 Analysis of polarization maps

We have already established in Sec. 1.2.1 that the Zeeman effect can reveal magnetic
field strengths (usually Blos) through polarimetry studies of spectral lines, but we also
saw that the other processes we have reviewed (i.e., the Goldreich-Kylafis effect and
dust polarimetry) can only reveal the morphology of the plane of the sky component of
magnetic fields. It was, however, shown first by L. Davis Jr. (1951, PhRev, 81, 890)
and then by S. Chandrasekhar & E. Fermi (1953, ApJ, 118, 113) that such maps could
potentially reveal the strength of magnetic fields with an analysis of the dispersion of
polarization vectors. As long as a few assumptions and approximations are made...

The basic idea underlying the DCF-method consists of modelling the magnetic field
with two components such that

B = B0 + Bt (1.58)
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where B0 and Bt are the large-scale (or mean or ordered) and turbulent (or random)
parts of the overall field. We then assume that

• The turbulent component is weak, i.e., Bt ⌧ B0.

• The turbulent component is zero-mean, i.e., hBti = 0.

• Deviations from the mean field are due to Alfvén waves, i.e., B0 · Bt = 0.

• And there is equipartition between turbulent kinetic and magnetic energies, i.e.,
⇢v

2
t /2 = B

2
t /8⇡.

This last equation is readily transformed to

vt =

✓
Bt

B0

◆✓
B0p
4⇡⇢

◆
, (1.59)

and recognizing that the polarization angle �✓ = Bt/B0 we arrive at the DCF equation
for the plane of the sky magnetic field strength

B0 =

p
4⇡⇢

vt

�✓
. (1.60)

Starting with Davis and Chandrasekhar & Fermi and for many decades afterwards,
estimates of magnetic field strengths were obtained with this equation by calculating a
simple dispersion in the polarization angles (sometimes removing a large scale, ordered
pattern, e.g., and hourglass) and using the line width from a suitable spectral line for vt.
It became clear early on that the technique had several shortcomings. For example, here
are a few issues

• Turbulence in the ISM is not only due to Alvén waves (compressible modes exist).

• The mean field B0 must be fairly close to the plane of the sky.

• The assumption of weak turbulence (i.e., ✓ ⌧ 1) is often violated.

• The measured signal is integrated along the line of sight and across the telescope
beam, which artificially reduces the dispersion in �✓ (and overestimates B0).

I show in Figure 1.16 a combination of the Zeeman Blos measurements of Fig. 1.7 and
a compilation of published estimates of the plane of the sky magnetic field strength
B0 obtained with the DCF equation. It appears that the DCF method consistently
overestimates the magnetic field strength.

Given these (and other) problems researchers spent a lot of time and efforts to im-
prove the accuracy of the DCF method. MHD simulations were performed and led to
modifications to equation (1.60), etc. I will end this lecture by discussing one approach
that is now widely used to improve on estimates of magnetic field strengths.
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Analysis	of	polarization	maps-	DCF	equation
1 Interstellar magnetic fields

K. Pattle, L. Fissel, M. Tahani, T. Liu, E. Ntormousi Magnetic fields in star formation: from clouds to cores

Fig. 2.—: (a): magnetic field strength as a function of hydrogen number density: black points show DCF measurements;
blue show Zeeman measurements. Arrows show upper/lower-limit measurements. Red dashed line shows the Crutcher
et al. (2010) relation. (b): as (a), but with DCF measurements only. Data points are color-coded by DCF variant. (c): as (b),
color-coded by measurement type. (d): as (b), color-coded by object type. (e): Alfvén velocity of the DCF measurements,
color-coded by object type. (f): Alfvén Mach number of the DCF measurements, color-coded by object type. Dashed line
marks MA = 1. References: Alina et al. (2020), Alves et al. (2008, 2011), Andersson and Potter (2005, 2006), Añez-López et al. (2020), Arzoumanian et al.

(2021), Attard et al. (2009), Beltrán et al. (2019), Bertrang et al. (2014), Beuther et al. (2010, 2018), Cashman and Clemens (2014), Chakraborty and Das (2016), Chapman

et al. (2011), H.-R. Chen et al. (2012a), Z. Chen et al. (2012b; 2017), Ching et al. (2017), Choudhury et al. (2019), Chuss et al. (2019), Cortes and Crutcher (2006); Cortes

et al. (2010, 2016, 2019, 2021b), Coudé et al. (2019), Crutcher et al. (2004), Curran et al. (2004); Curran and Chrysostomou (2007), Dall’Olio et al. (2019), Das et al. (2016),

Devaraj et al. (2021), Dewangan et al. (2015, 2018), Eswaraiah et al. (2013, 2017, 2019, 2020, 2021), Franco and Alves (2015), Frau et al. (2014), Girart et al. (2006),

Henning et al. (2001), Heyer et al. (2008), Hildebrand et al. (2009), Hily-Blant and Falgarone (2007), Houde et al. (2009, 2016), Hoq et al. (2017), Hull et al. (2017), Joubaud

et al. (2019), Juárez et al. (2017), Kandori et al. (2017b, 2020f,d,b,e,a), Karoly et al. (2020), Kim et al. (2016), Kirby (2009), Kirk et al. (2006), Könyves et al. (2021), Kusune

et al. (2015, 2016), J. Kwon et al. (2010; 2011; 2016; 2018), W. Kwon et al. (2019), Lada et al. (2004), Lai et al. (2001, 2002), Lee et al. (2014, 2018), Li and Henning (2011);

Li et al. (2015a), J. Liu et al. (2019; 2020), T. Liu et al. (2018a; 2018b), Lobo Gomes et al. (2015), Mao et al. (2008), Marchwinski et al. (2012), Matthews et al. (2002, 2005),

Neha et al. (2016, 2018), Ngoc et al. (2021), Palau et al. (2021), Panopoulou et al. (2016), Pattle et al. (2017, 2018, 2021a), Pereyra and Magalhães (2007), Pillai et al. (2015,

2016), Planck Collaboration et al. (2016c), Poidevin and Bastien (2006); Poidevin et al. (2013), Qiu et al. (2013, 2014), Rao et al. (2009), Rathborne et al. (2009), Redaelli

et al. (2019), Rodrigues et al. (2007), Sadavoy et al. (2018), Santos et al. (2014, 2016), Sharma et al. (2020), Soam et al. (2015a,b, 2017a,b, 2018b,a, 2019b,a); Soam (2021),

Soler et al. (2018), Stephens et al. (2013), Sugitani et al. (2010, 2011, 2019), Tamaoki et al. (2019), Tang et al. (2009, 2019), Tsuboi et al. (2021), Vallée et al. (2003); Vallée

and Fiege (2005, 2006, 2007a,b); Vallée (2007), Wang et al. (2019, 2020a), Wisniewski et al. (2007), Wolf et al. (2003), Wright et al. (2014), Zielinski et al. (2021).

polarization observations, and �� is dispersion in polar-
ization position angle. DCF makes several assumptions,
most notably that turbulence is sub-Alfvénic, but also that
the underlying magnetic field geometry is linear, and that
�v,NT traces turbulent motions. Nonetheless, it provides an
estimation of magnetic field strength from dust polariza-
tion, and so is widely used despite long-standing theoretical
concerns (e.g., Zweibel 1990; Myers and Goodman 1991;
Houde et al. 2009). DCF measures an average BPOS in the
area over which �� is measured; however, recent wide-area
high-resolution polarimetric mapping of molecular clouds
has led to resolved DCF being used to map BPOS variation
across clouds (Guerra et al. 2021; Hwang et al. 2021).

The original DCF method likely overestimates BPOS due
to integration of ordered structure on scales smaller than the
telescope beam, and from multiple turbulent cells within the

beam and along the LOS (e.g., Ostriker et al. 2001; Houde
et al. 2009). We outline the methods of accounting for this
here; see Pattle and Fissel (2019) for a detailed comparison.

‘Classical’ DCF modifies eq. 16 by a factor 0 < Q  1,
generally Q = 0.5, such that (1/��) ! (Q/��) to account
for integration effects (Ostriker et al. 2001; Heitsch et al.
2001; Padoan et al. 2001). Cho and Yoo (2016) proposed
the ratio of velocity centroid dispersion to linewidth as an
estimator of the number of turbulent cells along the LOS.
Further modifications can be made to account for large-
scale magnetic field structure when estimating �� (Pillai
et al. 2015; Pattle et al. 2017). Classical DCF is often re-
stricted to regions where �� < 25

� (Heitsch et al. 2001).
Alternatively, �v,NT/�� in eq. 16 can be replaced with

the ratio of energies in the turbulent and ordered field com-
ponents, such that 1/�� ! (hB2

t i/hB2
oi)�0.5. This ratio is

7

Figure 1.16: A combination of the Zeeman Blos measurements of Fig. 1.7 and a compi-
lation of published estimates of the plane of the sky magnetic field strength
B0 obtained with the DCF equation. It appears that the DCF method con-
sistently overestimates the magnetic field strength. From Pattle, Fissel &
Tahani, 2022, arXiv:2203.11179v1).

1.4.1 Angular dispersion analysis of polarization maps

Improvements to the DCF method were realized when analysis techniques borrowed from
turbulence studies were adopted. Namely, structure functions of the polarization angle
came into play. There are several approaches and variations to this... my own preference
is the following function that link changes between polarization angle at two points
located a distance ` apart, �✓ (`) ⌘ ✓ (x) � ✓ (x + `), and the magnetic field at the same
points

cos [�✓ (`)] =
B (x) · B (x + `)

B (x) · B (x)

=
B · B (`)

B · B (0)
. (1.61)

Averaging this function over a polarization map for a given separation ` yields

1 � hcos [�✓ (`)]i ' 1

2

D
�✓ (`)

2

E
, (1.62)

which is valid for small �✓ (`) (and thus small `). The function within brackets on
the right-hand side of equation (1.62) is the second order structure functions of the
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K. Pattle, L. Fissel, M. Tahani, T. Liu, E. Ntormousi Magnetic fields in star formation: from clouds to cores

Fig. 2.—: (a): magnetic field strength as a function of hydrogen number density: black points show DCF measurements;
blue show Zeeman measurements. Arrows show upper/lower-limit measurements. Red dashed line shows the Crutcher
et al. (2010) relation. (b): as (a), but with DCF measurements only. Data points are color-coded by DCF variant. (c): as (b),
color-coded by measurement type. (d): as (b), color-coded by object type. (e): Alfvén velocity of the DCF measurements,
color-coded by object type. (f): Alfvén Mach number of the DCF measurements, color-coded by object type. Dashed line
marks MA = 1. References: Alina et al. (2020), Alves et al. (2008, 2011), Andersson and Potter (2005, 2006), Añez-López et al. (2020), Arzoumanian et al.

(2021), Attard et al. (2009), Beltrán et al. (2019), Bertrang et al. (2014), Beuther et al. (2010, 2018), Cashman and Clemens (2014), Chakraborty and Das (2016), Chapman

et al. (2011), H.-R. Chen et al. (2012a), Z. Chen et al. (2012b; 2017), Ching et al. (2017), Choudhury et al. (2019), Chuss et al. (2019), Cortes and Crutcher (2006); Cortes

et al. (2010, 2016, 2019, 2021b), Coudé et al. (2019), Crutcher et al. (2004), Curran et al. (2004); Curran and Chrysostomou (2007), Dall’Olio et al. (2019), Das et al. (2016),

Devaraj et al. (2021), Dewangan et al. (2015, 2018), Eswaraiah et al. (2013, 2017, 2019, 2020, 2021), Franco and Alves (2015), Frau et al. (2014), Girart et al. (2006),

Henning et al. (2001), Heyer et al. (2008), Hildebrand et al. (2009), Hily-Blant and Falgarone (2007), Houde et al. (2009, 2016), Hoq et al. (2017), Hull et al. (2017), Joubaud

et al. (2019), Juárez et al. (2017), Kandori et al. (2017b, 2020f,d,b,e,a), Karoly et al. (2020), Kim et al. (2016), Kirby (2009), Kirk et al. (2006), Könyves et al. (2021), Kusune

et al. (2015, 2016), J. Kwon et al. (2010; 2011; 2016; 2018), W. Kwon et al. (2019), Lada et al. (2004), Lai et al. (2001, 2002), Lee et al. (2014, 2018), Li and Henning (2011);

Li et al. (2015a), J. Liu et al. (2019; 2020), T. Liu et al. (2018a; 2018b), Lobo Gomes et al. (2015), Mao et al. (2008), Marchwinski et al. (2012), Matthews et al. (2002, 2005),

Neha et al. (2016, 2018), Ngoc et al. (2021), Palau et al. (2021), Panopoulou et al. (2016), Pattle et al. (2017, 2018, 2021a), Pereyra and Magalhães (2007), Pillai et al. (2015,

2016), Planck Collaboration et al. (2016c), Poidevin and Bastien (2006); Poidevin et al. (2013), Qiu et al. (2013, 2014), Rao et al. (2009), Rathborne et al. (2009), Redaelli

et al. (2019), Rodrigues et al. (2007), Sadavoy et al. (2018), Santos et al. (2014, 2016), Sharma et al. (2020), Soam et al. (2015a,b, 2017a,b, 2018b,a, 2019b,a); Soam (2021),

Soler et al. (2018), Stephens et al. (2013), Sugitani et al. (2010, 2011, 2019), Tamaoki et al. (2019), Tang et al. (2009, 2019), Tsuboi et al. (2021), Vallée et al. (2003); Vallée

and Fiege (2005, 2006, 2007a,b); Vallée (2007), Wang et al. (2019, 2020a), Wisniewski et al. (2007), Wolf et al. (2003), Wright et al. (2014), Zielinski et al. (2021).
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Figure 1.16: A combination of the Zeeman Blos measurements of Fig. 1.7 and a compi-
lation of published estimates of the plane of the sky magnetic field strength
B0 obtained with the DCF equation. It appears that the DCF method con-
sistently overestimates the magnetic field strength. From Pattle, Fissel &
Tahani, 2022, arXiv:2203.11179v1).

1.4.1 Angular dispersion analysis of polarization maps

Improvements to the DCF method were realized when analysis techniques borrowed from
turbulence studies were adopted. Namely, structure functions of the polarization angle
came into play. There are several approaches and variations to this... my own preference
is the following function that link changes between polarization angle at two points
located a distance ` apart, �✓ (`) ⌘ ✓ (x) � ✓ (x + `), and the magnetic field at the same
points

cos [�✓ (`)] =
B (x) · B (x + `)

B (x) · B (x)

=
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Averaging this function over a polarization map for a given separation ` yields

1 � hcos [�✓ (`)]i ' 1
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which is valid for small �✓ (`) (and thus small `). The function within brackets on
the right-hand side of equation (1.62) is the second order structure functions of the
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polarization angle.
With the assumption that the telescope beam and the autocorrelation function of the

turbulence can be modelled by a Gaussian functions of widths W and �, respectively, as
well as other assumptions concerning the (joint) statistical properties of B0 and Bt, it
can be shown that equation (1.62) reduces to (Houde et al. 2009, ApJ, 706, 1504; 2016,
ApJ, 820, 38)

1 � hcos [�✓ (`)]i =

"
1

1 + N
⌦
B

2

0

↵
/
⌦
B

2
t

↵
# h

1 � e
�`2/2(�2+2W 2)

i
+

1X

j=1

a2j`
2j

. (1.63)

The last term on the right-hand side is a Taylor series representation for the contri-
bution from the large scale (or mean) magnetic field, which can be readily fitted and
removed from the data, while the other term is that due to turbulence. The quantity

N =

�
�
2
+ 2W

2
�
�

0
p

2⇡�3
(1.64)

is the number of turbulence cells probed by the telescope beam. Since both the turbu-
lence correlation length � and the effective depth �

0 of the region under study can be
evaluated from the data (see below), N can be estimated and the aforementioned signal
integration problem by can be addressed. Depending on the spatial resolution with which
the polarization map was acquired, N can vary from 1 to several tens, i.e., the signal
integration can sometimes be an important source of error and overestimation with the
DCF equation.

An example of such a dispersion analysis for the CS (J = 5 ! 4) data is presented in
Figure 1.17 for the CS (J = 5 ! 4) polarization map of Figure 1.10. The top panel shows
the dispersion function (equation 1.62) as a function of the separation `, and the broken
curve is for the Taylor series fit to the large scale component (the

P
j a2j`

2j term in
equation 1.62), which is then removed to reveal the turbulence autocorrelation function
b
2
(`) (bottom panel). This function is expressed by

b
2
(`) =

"
1

1 + N
⌦
B

2

0

↵
/
⌦
B

2
t

↵
#

e
�`2/2(�2+2W 2) (1.65)

within the framework of our Gaussian model. In the bottom panel of Figure 1.17, the
excess width of the autocorrelation function beyond that of the telescope beam (black
broken curve) is a measure of the turbulence autocorrelation length, which was estimated
to be � ' 0.42 arcsec or 2.6 mpc at the distance of NGC 6334 I(N) (1.3 kpc).

The value for the number turbulence cells found to be N ' 1.4 through equation
(1.64) can be used with level at the peak of the autocorrelation function b

2
(0) ' 0.06 to

calculate the relative amount of turbulence in the magnetic field from
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provided by the Zeeman effect. Although still contested (see
Jiang et al. 2020), results from Zeeman measurements show
that the field strength will grow with density as a power law,
or∼ n2/3 (Crutcher & Kemball 2019). Thus, the DCF and its
variants still give us a first-order statistical approximation to the
“true” magnetic field strength onto the plane of the sky. We
quantify a final estimate by taking the average of all five
estimates, obtaining á ñ =B 16pos mG as the average magnetic
field on the plane of the sky at densities of n= 4.2× 107 cm−3

and á ñ =B 2pos mG at densities of n= 2.0× 105 cm−3 when
considering the polarized CS emission.

4.4. Comparison with Other HMSFRs

By comparing our results from NGC 6334I(N) to other
HMSFRs, we seek to discover if there is a pattern in the
physical conditions of regions where the magnetic field has a
clear and distinctive shape, such as an “hourglass” morph-
ology. Examples of similar magnetic field morphologies to
NGC 6334I(N) are cores like G240, where the “hourglass”
magnetic field appears as a “textbook” case for magnetically
controlled star formation with a bipolar outflow closely aligned
to both the rotation and magnetic field axes (Qiu et al. 2014).
Note that the G240 mass, 95Me, is substantially larger than the
∼26 Me of the combined 1b and 1c core masses in NGC 6334I
(N) as derived from our data inside the purple oval region
shown in Figure 2. Another example is the massive core
G31.41, with a mass comparable to NGC 6334I(N) (about 26Me
from Beltrán et al. 2019), has also been shown to exhibit an
“hourglass” magnetic field morphology from the core (Girart
et al. 2009) to envelope scales (Beltrán et al. 2019). However, the
alignment between the outflow, rotation, and magnetic axes is

less clear here when compared to G240. The length scales where
the “hourglass” shape is traced in these two sources are similar to
what we see in NGC 6334I(N). For instance, in G31.41 the field
morphology is seen preserved through a scale range that matches
the lower end in the NGC 6334I(N) scales. The data obtained
from G240 trace the field at the core scales also where the
“hourglass” is seen in NGC 6334I(N). However, not all HMSFRs
show “hourglass” magnetic field morphologies. For instance, in
the W43-Main molecular complex, the W43-MM1 (Cortes et al.
2016; Arce-Tord et al. 2020) and W43-MM2 clumps (Cortes
et al. 2019) exhibit magnetic field morphologies that are primarily
radial over their most massive cores, which is expected when
gravity dominates the dynamics. W43-Main harbors some of the
most massive protostars currently known (100Me, Cortes et al.
2016; Motte et al. 2018; Cortes et al. 2019), whereas the mass of
the central cores in NGC 6334I(N) are only about ∼26 Me in
total when considering our data. However and because of the
angular scales sampled by our ALMA data, we might be missing
flux that might make NGC 6334I(N) appear less massive than
other regions. Nonetheless, this difference in core mass is not
significant when comparing W43-Main with G240 where the
core masses are comparable, but the field shapes are completely
different. A totally different magnetic field morphology is seen in
IRAS 180089–1732 where the field was found to have a spiral
morphology (Sanhueza et al. 2021). Previous mapping of this
source at clump scales appears to show the same field pattern
(Beuther et al. 2010) as seen by ALMA at envelope scales. In this
case, the total core mass is estimated to be 75 Me from the
ALMA data, which is also comparable to G240 and in the lower
range from the W43-Main estimates. Thus, it is also uncertain

Figure 8. Dispersion analysis of the ALMA NGC 6334I(N) data. Left: The dispersion function calculated as f- á D ñ1 cos[ ( ) ] (in symbols) is plotted as a function of
l2 at the top. The ordered component is also shown using a broken curve. The least-squares fit of the Gaussian turbulence model is plotted in turquoise as a solid curve.
In the middle we also plot the dispersion function, but as a function of l. At the bottom, the signal-integrated turbulence autocorrelation function b2(l) (in symbols),
along with the autocorrelated Gaussian beam (segmented curve), and the ALMA dirty beam (solid turquoise curve) are plotted. From the fit to the data, we derive
turbulence correlation length of δ = 0 262 ± 0 008, or ∼2 mpc, at the distance to NGC 6334I(N), and á ñ á ñ = B B 0.29 0.01t

2 2 Right: Same as the left panel, but
using the integrated CS polarized emission data over the velocity interval −6 to −2 km s−1. The analysis yields a turbulence correlation length of δ = 0 42 ± 0 011,
or ∼2.6 mpc, and á ñ á ñ = B B 0.08 0.0013t

2 2 .
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The Astrophysical Journal, 923:204 (17pp), 2021 December 20 Cortés et al.

Figure 1.17: Dispersion analysis of the CS (J = 5 ! 4) polarization map presented in
Figure 1.10. The top panel shows the dispersion function (equation 1.62) as
a function of the separation `. The broken curve is for the Taylor series fit to
the large scale component, which is then removed to reveal the turbulence
autocorrelation function b

2
(`) (bottom panel). In the bottom panel, the ex-

cess with of the autocorrelation function beyond that of the telescope beam
is a measure of the turbulence autocorrelation length, which was estimated
to be � ' 0.42 arcsec or 2.6 mpc at the distance of NGC 6334 I(N) (1.3
kpc).
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polarization angle.
With the assumption that the telescope beam and the autocorrelation function of the

turbulence can be modelled by a Gaussian functions of widths W and �, respectively, as
well as other assumptions concerning the (joint) statistical properties of B0 and Bt, it
can be shown that equation (1.62) reduces to (Houde et al. 2009, ApJ, 706, 1504; 2016,
ApJ, 820, 38)
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The last term on the right-hand side is a Taylor series representation for the contri-
bution from the large scale (or mean) magnetic field, which can be readily fitted and
removed from the data, while the other term is that due to turbulence. The quantity
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is the number of turbulence cells probed by the telescope beam. Since both the turbu-
lence correlation length � and the effective depth �

0 of the region under study can be
evaluated from the data (see below), N can be estimated and the aforementioned signal
integration problem by can be addressed. Depending on the spatial resolution with which
the polarization map was acquired, N can vary from 1 to several tens, i.e., the signal
integration can sometimes be an important source of error and overestimation with the
DCF equation.

An example of such a dispersion analysis for the CS (J = 5 ! 4) data is presented in
Figure 1.17 for the CS (J = 5 ! 4) polarization map of Figure 1.10. The top panel shows
the dispersion function (equation 1.62) as a function of the separation `, and the broken
curve is for the Taylor series fit to the large scale component (the

P
j a2j`

2j term in
equation 1.62), which is then removed to reveal the turbulence autocorrelation function
b
2
(`) (bottom panel). This function is expressed by
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within the framework of our Gaussian model. In the bottom panel of Figure 1.17, the
excess width of the autocorrelation function beyond that of the telescope beam (black
broken curve) is a measure of the turbulence autocorrelation length, which was estimated
to be � ' 0.42 arcsec or 2.6 mpc at the distance of NGC 6334 I(N) (1.3 kpc).

The value for the number turbulence cells found to be N ' 1.4 through equation
(1.64) can be used with level at the peak of the autocorrelation function b

2
(0) ' 0.06 to

calculate the relative amount of turbulence in the magnetic field from
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The value thus calculated (
⌦
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' 0.08) is then inserted in the DCF equation with

an average of the spectral line width (vt ' 5.3km s
�1) to get a plane of the sky magnetic

field strength of B0 ' 2.8 mG.
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at 1.5 kpc
δ ! 0.12 pc
Linj ! 0.75 pc

Angular dispersion analysis - Power spectrum
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Summary
• Measuring	magnetic	fields	is	difficult…	

Zeeman	is	the	only	direct	measurement	method	but	low	SNR	

‣ better	for	masers	

• Polarization	from	spectral	lines	and	dust	are	indirect	and	statistical	
methods	 	imprecise	with	DCF	

• Polarization	at	radio	wavelengths	 	synchrotron	and	Faraday	rotation	

• Significant	efforts	to	improve	estimates	(e.g.,	angular	dispersion	
analysis)	

• New	techniques	are	being	developed	(Velocity	Gradients	Technique,	
Differential	Measure,	Anisotropic	Resonant	Scattering,	…)	

Hope	to	go	beyond	DCF

→
→
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